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When a periodi 1D system desribed by a tight-binding model is uniformly initialized with equal
amplitudes at all sites, yet with ompletely random phases, it evolves into a thermal distribution
with no spatial orrelations. However, when the system is nonlinear, orrelations are spontaneously
formed. We nd that for strong nonlinearities, the intensity histograms approah a narrow Gaussian
distributed around their mean and phase orrelations are formed between neighboring sites. Sites
tend to be out-of-phase for a positive nonlinearity and in-phase for a negative one. The eld
orrelations take a universal shape independent of parameters. This nonlinear evolution produes
an eetively dynamially disordered potential whih exhibits interesting diusive behavior.
The tight binding approximation is one of the simplest
models that predit band struture and ballisti motion
in periodi systems [1℄. Using a tight-binding model with
disorder, P.W. Anderson was able to predit and study
the eet of loalization in disordered latties [2℄. A non-
linear version of the tight-binding model, better known as
the Disrete Nonlinear Shrödinger Equation (DNLSE)
has been used to study nonlinear evolution in periodi
systems, initially in the ontext of periodi moleular and
mehanial systems [3℄, and extensively in reent years
to desribe nonlinear propagation in optial waveguide
latties [4, 5℄, as well as matter-waves in light-indued
latties[6℄. In partiular, the DNLSE explains the forma-
tion of nonlinear intrinsi loalized modes, also known
as disrete solitons [7℄ or disrete breathers [8℄. Disor-
der and loalization have been studied experimentally
reently both in matter-waves [9℄ [10℄ and in photoni
latties [11, 12℄. An issue of partiular interest and some
debate is the interplay between loalization and nonlin-
earity [13, 14℄.
Here we report on a new phenomenon that results from
the interplay of nonlinearity and disorder. This eet o-
urs in periodi systems, where nonlinearity indues dis-
order in an otherwise perfetly ordered lattie. What we
nd is that when the system is initialized with random-
phase elds, it evolves into partiular distributions with
well dened stationary statistial properties. Most in-
terestingly, the eld orrelation funtion and the distri-
bution of phases assume universal forms independent of
the exat value of the nonlinear parameter. The result-
ing distribution indues a dynami struture with several
intriguing properties.
In Fig. 1 we show the results of an optial experiment
in a waveguide array that motivated this study. Light
with uniform intensity yet random phases was injeted
into a large number of waveguides in a periodi waveg-
uide lattie. The intensity at the output end was mea-
sured, and the histograms of intensity values obtained
from many repeats of the experiment with dierent ran-
dom phase realizations are shown for both low inten-
sity and high intensity light. For experimental details,
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Figure 1: Experimental measurement of output light inten-
sities from a waveguide array, when input elds with equal
amplitudes, yet random phases, are oupled to several ad-
jaent waveguides. Measured values of many random-phase
realizations are shown as histograms for linear propagation
(blue irles) and high-intensity, nonlinear propagation (red
irles). The inset shows two sets of measurements for an
input with the same phase realization after linear (blue) and
nonlinear (red) propagation. The output intensity distribu-
tion is exponential-like in linear propagation, and beomes
narrow, Gaussian-like in the nonlinear ase.
see Methods below. While linear propagation produed
exponential-like distribution of intensities, as expeted
for summing of many random-phase inputs, the nonlinear
propagation yielded a muh narrower distribution around
the average intensity. Inreasing the optial power led to
the narrowing of the output distribution. Note that for
both measurements, the ounts at low intensity values
are underestimated beause of sattered light and instru-
mentation noise. To investigate this behavior we have
modeled the problem using the DNLSE. While we use
here the notations of optis, our results will hold in gen-
eral for all other systems desribed by the DNLSE. The
evolution of light in a periodi array of weakly oupled
2waveguides is desribed by:
i
dan
dz
= C(an−1 + an+1) + γ|an|
2an, (1)
where an is the amplitude of the mode in the n
th
waveg-
uide, C is the oupling oeient to the nearest neigh-
bors and γ is the nonlinear oeient, positive (negative)
for fousing (defousing) nonlinearity. We shall onsider
the situation where light is injeted into the array with
uniform amplitudes |an| = a0, yet with ompletely un-
orrelated, random phases. It is onvenient to use the
normalized equation,
i
dun
dζ
= (un−1 + un+1) + Γ|un|
2un, (2)
where ζ = zC, un = an/a0 and Γ = γa0
2/C. With this
normalization, the input intensities are all uniform with
In(0) = unun
∗ = 1.
Consider rst the linear problem, i.e. Γ = 0. As might
be expeted, after a ertain distane, mixing of the dif-
ferent input elds leads to an output pattern with utu-
ating intensities. Fig. 2(a)-() shows results of numerial
simulations of Eq. (2) for various properties of the elds
after propagating a distane of ζ = 10 in an array with
N = 256 waveguides. Periodi boundary onditions are
used to avoid edge eets. The results shown are aver-
aged over 500 realizations with dierent random initial
elds. Fig. 2(a) shows the intensity histogram; it fol-
lows an exponential law, P (I) = exp(−I), as expeted
for random elds. Fig. 1(b) shows the eld orrelations
Ck =
∑
(unu
∗
n+k+u
∗
nun+k)/2N demonstrating, as ould
be expeted, that the elds at dierent sites do not or-
relate. Finally, Fig 1() shows the histogram of phase
dierenes between neighbors, θn = φn − φn+1, with
φn = argun the phase of the eld un. These phases
are uniformly distributed.
We now repeat the simulations with nonlinearity, and
we will be interested mostly in the limit of strong nonlin-
earity; results for Γ = ±20 and for Γ = ±200 are given
in Figs. 2(d)-(f). Two hanges from the linear ase are
obvious. First, the intensity histograms, shown in Fig.
2(d), now onverge around the average intensity value
of 1, with a width that shrinks with the nonlinear pa-
rameter. The distribution seems to t well a gaussian
distribution with P (I) = exp[−(I − 1)2/2σ2], and it is
independent of the sign of the nonlinearity.
The seond major eet of the nonlinearity is the in-
dued spatial eld orrelations. Most interestingly, the
orrelation funtion (Fig. 2(e)) takes a shape that is in-
dependent of the nonlinearity value, and is sensitive only
to its sign. It is desribed well by exponential deays,
Ck = (−1)
k exp(−αk) for positive (fousing) nonlinear-
ity and Ck = exp(−αk) for the negative ase. Note that
the orrelation is only visible in the elds - the intensi-
ties remain unorrelated; Intensity orrelations show a di-
minished peak at k=0 and a uniform bakground. These
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Figure 2: Simulation results of the DNLSE with uniform in-
tensities and random phases. (a) Intensity histogram, (b) eld
orrelation and () phase-dierene histogram for a linear sys-
tem (Γ = 0), exhibiting exponential intensity distribution and
unorrelated elds and phases. (d) Intensity histograms for
Γ = ±20 (blue irles) and Γ = ±200 (red irles). The distri-
butions are narrower at higher nonlinearities, yet independent
of the sign of Γ. (e) The universal eld orrelation funtion
is idential for both nonlinear values, but depends on their
sign: blue for positive (fousing, Γ > 0), red for negative
nonlinearities. (f) Phase dierene histograms also approah
a universal distribution, onentrating around pi for positive
nonlinearity and 0 for the negative ase. The theoretial lines
in (d)-(f) are preditions of Eqs. (7) and (8).
eld patterns are onsistent with the known properties of
modulation instability in suh systems: Staggered (un-
staggered) elds are stable in positive (negative) nonlin-
earity arrays [15℄.
Sine the intensities beome more uniform at high non-
linearities, the eld orrelation funtions are ditated by
the variations of phases between neighboring sites. In
Fig. 1(f) we show the histograms of these phase dier-
enes for positive and negative nonlinearities. While in
the former neighboring waveguides are most likely to be
out of phase, as the distribution peaks at pi, in the latter
two neighboring waveguides tend to be in-phase. This
distribution of phases also attains a onstant prole at
high nonlinearity values.
The eld orrelation and the intensity distribution are
losely related. This an be dedued from the onserved
3quantities, the Hamiltonian
H =
1
2
Γ
∑
I2n +
∑
(unu
∗
n+1 + u
∗
nun+1), (3)
and the total photon number,
A =
∑
In. (4)
From these it is easy to show that
Γ
4
σ2(ζ) + C1(ζ) = H0 (5)
is also onstant. Here σ = (ΣI2n/N−1)
1/2
is the standard
deviation of the intensities. Sine our initial ondition are
of uniform intensities, σ2(0) = 0, and random phases,
C1(0) ≈ 0, then H0 = 0, hene
Γ
4
σ2(ζ) = −C1(ζ). (6)
Equation (6) predits that the signs of C1 and Γ are dif-
ferent, as indeed is observed in Fig 2. For weak non-
linearity (Γ ≪ 1), when the distribution deviate only
slightly from exponential, a small orrelation is formed
with C1 = −Γ/4. However, as the nonlinearity inreases,
Eq. (6) predits that the intensity distribution has to
narrow down, sine neessarily |C1| < 1.
To relate the phase and intensity utuations, we have
to study the statistial properties of the DNLSE. Suh
investigations were arried out by Rasmussen et al [16℄,
and extended later by Rumpf [17℄. They were mostly in-
terested in the onditions for the generation of loalized
strutures. With our initial onditions, it an be shown
that loalized strutures are not formed, but we an use
the same formalism to derive the probability distribu-
tions for phase and intensities.
In essene, the state of maximal entropy
S[p(I1, ...IN , θ1, ...θN )] = −
∫
p ln p
∏
dIidθi an be de-
rived by the variational problem δ(S−αA−ηH−λ
∫
p) =
0, where α, η and λ are the appropriate Lagrange mul-
tipliers [17℄. The problem is greatly simplied by the
approximation Σ(unu
∗
n+1 + c.c.) ≈ 2
∑
cos(θn), whih is
onsistent with the observation that the intensities are
unorrelated and at high nonlinearities they are lose
to their average value of 1. With this approximation,
the intensities and phases are separable, and their
distributions are derived to be:
pI(I) = λ1 exp[−
ηΓ
2
(I − 1)2] (7)
pθ(θ) = λ2 exp[−2η cos(θ)] (8)
with λ1, λ2 appropriate normalization onstants and η ≈
±0.533 is the solution of 4η
∫
cos(θ)pθ(θ)dθ+1 = 0, where
the sign is seleted to math the sign of Γ. The phase
distribution is then maximized at θ = pi (θ = 0) for posi-
tive (negative) Γ, respetively. Note that these universal
ζ
δζ
ζ
δζ-0.5 0.5 -0.5 0.5
20
-20
n
k
20
-20
0.50.5 -0.5-0.5
a b
c d
Figure 3: Maps of nonlinear potential indued by the u-
tuating elds for (a) Γ = 20 and (b) Γ = 200 and the or-
responding orrelation maps Y (k, δζ) (,d). The maps show
a setion of 40 waveguides (vertially) and a propagation of
ζ = 1. Note the faster dynamis for the higher nonlinearity,
evident also in the orrelation map. For easy viewing, the
potentials are normalized to their peaks, although the values
in (b) are about 3 times higher than in (a)
phase distribution funtions, whih are shown as lines in
Fig 2(f), are independent of the value of the nonlinear-
ity. They lead to the universal orrelation funtion that
deays with Ck/Ck+1 = −4η as shown in Fig 2(e).
Finally, we would like to disuss the potential (or in-
dex) pattern whih is indued by the utuating elds
through the nonlinear eet. The elds indue an ef-
fetive dynami disorder into the lattie; While we have
shown above that the variations in intensities tend to
diminish at high nonlinearities [σ = (ηΓ)−1/2℄, the vari-
ations in indued nonlinear potential, i.e. Γσ atually
inrease. The array beomes eetively more disordered:
A stationary struture with this level of disorder would
have been haraterized by a loalization length that
is narrower than the lattie spaing. However, this in-
rease in disorder is also aompanied by faster dynam-
is: The indued pattern hanges faster at higher non-
linearities. The nonlinear potential map ΓIn(ζ) is shown
in Fig. 3, together with the intensity orrelation maps
Y (k, δζ) = Σn
∫
dζIn(ζ)In−k(ζ − δζ). Note that while
at a given ζ the intensities at adjaent waveguide do not
orrelate, Y (k, 0) = δk,0, they are orrelated at other
values of ζ. It is this dynami potential struture that
determines the eld orrelations and other peuliarities
of this system.
One way to haraterize this struture is to investigate
the transport properties of a a seondary probe beam
that propagates in the nonlinearly indued disordered
potential. We have simulated the propagation of suh a
weak probe eld in an array with 1024 sites. The probe
is launhed into a single entral site at ζ = 0, and its
width is monitored along propagation. Fig. 4(a) shows
this width, averaged over several realizations, as a fun-
tion of ζ1/2, for two values of nonlinearity, Γ = 20 and
Γ = 200, and Fig 4(b) shows the probe intensity distri-
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Figure 4: The diusion of a weak probe in the nonlinear po-
tential indued by the utuating elds with Γ = 20 and
Γ = 200. (a) the averaged probe width as a funtion of ζ1/2.
(b) The averaged probe prole at ζ = 2000
.
bution at ζ = 2000. It seems that the broadening is gov-
erned mostly by diusive dynamis, that is, a gaussian-
like distribution that broadens diusively as ζ1/2. In-
deed, dynami disorder that is spatially unorrelated is
known to lead to diusive broadening [18, 19℄. What we
nd interesting is that at higher nonlinearities the diu-
sion oeient is atually larger, in spite of the stronger
disorder. This is most likely the result of the faster dy-
namis, but it ould be that the nontrivial orrelation
maps also plays a role. These points are urrently under
investigation.
In onlusion, we have shown that when systems de-
sribed by the DNLSE are initialized with equal ampli-
tudes yet random phases, universal eld and phase or-
relation are formed in the high nonlinearity limit. In
ontrast with the thermal distribution of intensities ob-
tained in linear propagation, the intensity variations are
diminished, and universal phase orrelations are formed.
The underlying potential eld leading to this behavior is
of a dynami disordered system, whih is haraterized
by diusive propagation.
Methods : The periodi waveguide latties were pre-
pared on an AlGaAs substrate using e-beam lithography,
followed by reative ion ething. The width of eah of the
waveguides as well as their spaing were 4 mirons. The
tunneling parameter between sites C was measured to be
280m−1. The light soure was a pulsed optial paramet-
ri amplier, produing 1.2 ps pulses at a wavelength of
1530nm with a 1 KHz repetition rate. The spatial phase
of the laser light beam was randomized using a omputer-
ontrolled spatial light modulator. The beam was shaped
using a ylindrial optis and then injeted into the in-
put faet of the array, overing 15 lattie sites. The light
intensity prole was measured at the output faet of the
8mm long sample using an infrared amera and the in-
tensity statistis was alulated by olleting many suh
images with random phase realizations.
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